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Abstract: In this paper we present our results concerning the dependence of Wilson loop
expectation values on the size of the lattice and the rank of the SU(N) gauge group. This
allows to test the claims about volume independence in the large N limit, and the crucial
dependence on boundary conditions. Our highly precise results provide strong support for
the validity of the twisted reduction mechanism and the TEK model, provided the fluxes
are chosen within the appropriate domain.
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1 Introduction
Gauge theories lie at the basis of our understanding of Particle Physics. They are also
beautiful mathematical models which are full of rich phenomena, both perturbative and
non-perturbative. The pure gluon version of the theory has no free parameters and its
dynamics underlies many of the fascinating properties of the interaction of quarks, such
as Confinement and chiral symmetry breaking. Despite having no scale in its formulation,
the theory is not conformal invariant because a scale Λ is generated by the mechanism of
dimensional transmutation [1]. All physical properties of the theory can then be expressed,
depending on its dimensions, in the appropriate units given by powers of Λ. Observable
quantities which involve large energy scales (with respect to Λ) can be calculated by per-
turbative methods, thanks to the property of asymptotic freedom [2]-[3]. On the contrary,
if some low energy phenomena is involved, perturbation theory fails dramatically and one
has to use non-perturbative techniques. Fortunately a very powerful formulation was in-
troduced by K. Wilson [4], allowing the development of several non-perturbative methods
of computation. Lattice gauge theories define the quantum field theory as the limit of
an statistical mechanical system at critically. One can then employ numerical methods
which were originally devised to handle statistical mechanical systems. Unfortunately,
for the study of the critical behaviour only numerical Monte Carlo methods seem useful.
Nonetheless, progress in computer technology and in numerical algorithms have made pos-
sible the calculation of several observables of Yang-Mills and the more demanding theories
with dynamical fermions (for recent results see Ref. [5]).
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In the 70’s G. ‘t Hooft [6] suggested the use of a new expansion parameter: 1/N ,
the inverse of the rank of the group. Asymptotic freedom, Confinement, dimensional
transmutation and a massive spectrum are still present at the lowest order approximation:
the large N limit. Furthermore, it is known that several aspects of the theory are simpler
in that limit: planar graphs, stable spectrum, factorisation [7], etc. It seems clear that a
more profound understanding of the large N limit would precede that of finite N. The large
N limit also plays a crucial simplificatory role in the new ideas and methods that have
emerged under the heading of AdS/CFT [8].
One of the obvious questions is then whether the large N limit also introduces a sim-
plification in combination with the lattice gauge theory formulation. At first, it seems just
the opposite. Numerical methods are devised to work with finite N values. Results at the
large N limit then follow from extrapolating those obtained at finite N . But, the numerical
effort grows with the number of degrees of freedom (hence, at least, as N2). Nevertheless,
following this procedure might be worth the effort, in order to produce predictions that
can be matched with those of other approaches. A large literature has been generated
following this line which can be consulted in Ref. [9].
There is, however, one potentially simplificatory phenomenon which was discovered
when combining large N with the lattice approach: reduction or volume independence. The
idea emerged from a crucial observation made by Eguchi and Kawai(EK) [10] when looking
at the loop equations [11] obeyed by Wilson loops on the lattice. Assuming invariance
under Z4(N) centre symmetry and factorisation, they concluded that these equations are
independent of the lattice volume.
Thus, if the phenomenon is correct, one can reduce the study of the large N limit to
a simple matrix model with only d matrices (d is the space-time dimension). This is, no
doubt, a very powerful simplification, at least at the conceptual level. The first question
is then whether the idea is indeed correct. However, there are other secondary questions
which could be crucial for applications. In particular, one might inquire about the size and
nature of the corrections. What are the leading corrections that one has at large but finite
N? These are the central issues which our paper tries to address.
The history of the subject is long. The initial stages took place soon after the EK
paper. It was shown that the EK model, obtained by reducing to a one-point lattice
with periodic boundary conditions, violates the centre-symmetry condition for reduction
at weak coupling [12]. Indeed, the one point lattice had been studied before the EK paper
in Ref. [13], and the weak coupling path integral was shown to be dominated by symmetry
breaking configurations. Fortunately, the authors of Ref. [12] proposed a modification
under the name Quenched Eguchi-Kawai model (QEK) devised to restore the symmetry
and, hence, the validity of reduction. On the other hand, the studies of Ref. [13] suggested
that boundary conditions have a very strong influence on the weak coupling behaviour at
finite volume. Thus, the present authors[14]-[15] presented a new version of reduction based
upon twisted boundary conditions and aimed at respecting a sufficiently large subgroup of
the centre symmetry group. The new model, called Twisted Eguchi-Kawai model (TEK),
follows by imposing twisted boundary conditions and subsequently reducing the model to
one point. At large volumes the boundary conditions do not influence the dynamics of the
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model, but at small volumes they are crucial.
Both the QEK and the TEK model passed all tests of absence of centre symmetry
breaking done at the time of their proposal, and looked as valid implementations of the
reduction idea. Unfortunately, attempts to solve these models explicitly failed. With
an increasing interest in large N gauge theories the situation was re-examined in recent
times, and signals of symmetry breaking were observed in both cases. By construction the
QEK model is invariant under a certain subgroup of the Z4(N) group. However, there are
possible subgroups associated with the action on several directions simultaneously that can
be violated and were observed to do so in Ref. [16]. In the case of the TEK model, although
the remnant symmetry cannot be broken at infinite weak coupling, it can still be broken
at intermediate values. The first observations of breaking were obtained by one of the
present authors and collaborator [17]. Later on, several other authors [18]-[19] confirmed
the breaking and showed how this problem affects crucially the possibility of reduction in
the continuum limit.
During these years there have been other attempts to recover the validity of the re-
duction idea and its simplificatory character. Some authors argued that other large N
gauge theories might be free from the symmetry breaking problems that invalidated the
reduction of the EK model. In particular, theories with several flavours of fermions in
the adjoint representation [20] are good candidates. This has triggered several efforts to
obtain information about these theoretically interesting theories, by benefiting from the
computational advantage of their reduced versions [21–28]. Although this is certainly very
interesting, here we will not consider these theories any further since our interest in this
paper is centred upon pure gauge theories.
Another approach was proposed by Narayanan and Neuberger [29], lately referred as
partial reduction. The idea is to combine space and group degrees of freedom in an efficient
way. Their study shows that at any value of the coupling there is a range of values of L
(L being the linear size of the lattice box) for which the symmetry is respected at large
N . More precisely, there is a minimum box size Lc(b), which grows as the coupling gets
weaker. Infinite volume large N results can be approached by tuning L and N appropri-
ately. Although this idea was mostly developed with periodic boundary conditions, it is
also possible to combine it with twisted boundary conditions [30]. This is a possibility that
we will analyse further in the present paper.
Reasons for the failure of the TEK model were given in Ref. [17]-[18]. Starting from
these studies, the present authors proposed a simple modification of the original procedure
which could restore the symmetry and recover the validity of reduction [31]. The idea is to
tune the fluxes appropriately when taking the large N limit. Indeed, the twisted boundary
conditions are not unique; they depend upon the choice of discrete fluxes through each
plane. In Ref. [15] we determined the range of fluxes that guarantee the preservation of
the symmetry at very weak coupling. However, it is now clear that the actual choice of
fluxes within this range has an influence at intermediate values of the coupling. In Ref. [31]
we argued that, with a suitable choice, the problems can be avoided at all values of the
coupling.
In the last few years we have set up a program to study this problem. As explained
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earlier, the question is two-fold: Is reduction correct? Is it useful? The second aspect
might be crucial for its ultimate interest as a valid simplification. Trying to answer the
second question directly, we set ourselves the goal of computing an observable of the large
N continuum infinite volume theory using the TEK model. For simplicity we focused on
the behaviour of large Wilson loops and the string tension. In parallel with the use of the
reduced model, we also used the traditional extrapolation methodology to obtain the same
quantity. Our comparison was presented in Ref. [32]-[33], and showed that the extrapolation
of the finite N string tension agreed within the percent level with the quantity obtained
from the reduced model. The result also matched reasonably well with other determinations
of the large N string tension [34]-[35].
Obtention of the continuum string tension is an elaborate procedure involving noise
reduction techniques on the raw data, extrapolation to large size Wilson loops and then
to the continuum limit. All of these steps, as well as the traditional methodology, involve
extrapolations. This is always a dangerous arena, although it could hardly be a coincidence
that the results match so well. Our initial focus on continuum results is understandable,
since after all the lattice is primarily a method to obtain properties of the continuum
formulated Yang-Mills theory. However, the reduction idea should be also valid for the
lattice model itself, even away from criticality. In this paper we want precisely to look
into that. We will focus upon simple observables of the lattice theory. Some are robust,
highly precise, and devoid of any technical issues which might shade the validity of the
result. Thus, rather than testing reduction by checking the preservation of the symmetry
needed to validate the original proof, we will produce a direct test by comparing the
volume independence of the corresponding observables. Furthermore, this is a quantitative
comparison which can put limits on the errors committed. Ultimately, these errors are
crucial for a precision determination of observables.
What do we know about the finite N corrections to reduction? Perturbation theory
gives some information in this respect. The propagators of the TEK model turn out
to be identical to those of a lattice of size (
√
N)4 [15]. This is reasonable since we are
essentially mimicking the space-time degrees of freedom by those of the group. This seems
more efficient than the equivalent counting for the QEK model, which suggests an effective
volume of (N1/4)4. Furthermore, if we opt for partial reduction in the twisted case, the
effective length of the box is given by L
√
N . In addition to the effect on the propagators,
the Feynman rules for the vertices also adopt a peculiar form. The structure constants
turn into complex phases which depend on the “effective momentum” degrees of freedom.
It is precisely this structure which suppresses the non-planar diagrams of the theory. The
choice of flux enters the explicit form of the phase factors through a particular rational
number in the exponent. Since all the factors cancel out for planar diagrams we were
guided into thinking that the choice of fluxes was irrelevant. Now we know that this choice
might be crucial in guaranteeing the preservation of centre symmetry. Recently [36–39] we
examined the problem with more detail for the simpler case of the 2+1 dimensional gauge
theory. Physical observables seem to depend smoothly on the rational factor. This suggests
a stronger form of volume independence valid at finite N . According to the previous
considerations, as long as we preserve the effective spatial size (LN in 2 dimensions) and
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the rational factor in the exponent of the vertices, we can trade spatial degrees of freedom
by group degrees of freedom after a suitable tuning of the fluxes. It would be interesting
to examine the situation for the 3+1 dimensional theory.
An important new ingredient appeared on the scene after the scientific community
generated interest into quantum field theories in non-commutative space-times (for a review
see Ref. [40]). It turns out that the afore-mentioned Feynman rules of reduced models
are a discretized version of those appearing in those type of theories, where the rational
number mentioned earlier is just proportional to the non-commutativity parameter. Indeed,
the continuous version of the rules were actually anticipated by a generalisation of the
reduced model obtained by one of us [41], and which captures the non-commutativity in
its formulation. All these new connections suggest that the results obtained at finite N
might have an interpretation and a usefulness in their own right.
In the previous paragraphs we have set up the situation that acts as background of the
present paper. In the next section we will present all the methodological details leading
to our results. This includes the description of the models and the parameters involved in
them, the observables that we are going to study and the details about the simulations.
The following section contains the analysis of our results for Wilson loops. The paper ends
with a short concluding section.
2 Pure gauge theory on a finite lattice
2.1 The Models
As mentioned in the introduction we will focus upon pure gauge lattice theory at finite
volume. The dynamical variables of our theory are the link variables Uµ(n) which are
elements of the SU(N) group. The index µ ranges over the 4 directions of space-time
0, 1, 2, 3, while n runs through all points of an L4 hypercubic lattice L. The partition
function of the model is given by
Z =
∏
n∈L
3∏
µ=0
(∫
dUµ(n)
)
e−S(Uµ) (2.1)
where the link variables are integrated with the Haar measure of the SU(N) group, and
S is action of the model. In this paper we will choose the simplest version of the action,
proposed by Wilson,
SW (Uµ) = −bN
∑
n∈L
∑
µ6=ν
Tr(Uµν(n)) (2.2)
where Uµν(n) is the unitary matrix corresponding to an elementary plaquette starting at
point n and living in the µ− ν plane. Its expression in terms of the link variables is
Uµν(n) = Uµ(n)Uν(n+ µˆ)U
†
µ(n+ νˆ)U
†
ν (n) (2.3)
where µˆ is the unit vector in the µ direction. The lattice coupling b is the lattice counterpart
of the inverse of ‘t Hooft coupling λ = g2N . Thus, the large N limit has to be taken
keeping b fixed. In the previous formulas, we assumed periodic boundary conditions for
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the variables: Uµ(n+Lm) = Uµ(n), for any integer vector m. Thus, the lattice is rather a
toroidal one.
Wilson action is invariant under gauge transformations of the link variables:
Uµ(n) −→ Ω(n)Uµ(n)Ω†(n+ µˆ) (2.4)
where Ω(n) are arbitrary SU(N) matrices. All physical observables are required to be gauge
invariant. This property allows to relax the periodicity condition to
Uµ(n+ Lm) = Ω(n,m)Uµ(n)Ω
†(n+ µˆ,m) (2.5)
To make this formula well-defined, the same gauge transformation has to result from two
different ways to reach the same replica point. Since matrices do not necessarily commute,
this implies consistency conditions to be satisfied by the gauge transformation matrices
Ω(n,m). In particular, one can consider n being the origin and m = µˆ + νˆ, and construct
the gauge transformation in terms of the gauge transformations for m = µˆ and m = νˆ.
The consistency condition reads:
Ω(Lµˆ, νˆ)Ω(0, µˆ) = zµνΩ(Lνˆ, µˆ)Ω(0, νˆ) (2.6)
with zµν = exp{2πinµν/N} an element of the centre of the SU(N) group. Notice that
if nµν = 0 for all planes, one can choose all Ω(n, µˆ) to be the identity and we recover
periodic boundary conditions. On the other hand, if some nµν 6= 0 we get the so-called
twisted boundary conditions introduced by ‘t Hooft [42]. The integer nµν = −nνµ can be
interpreted as a discrete flux modulo N through the µ− ν plane.
Now one can perform a change of variables to new link variables which are periodic
at the expense of introducing a phase factor at certain plaquettes. The Wilson action now
adopts the form
SW (Uµ) = −bN
∑
n∈L
∑
µ6=ν
zµν(n)Tr(Uµν(n)) (2.7)
The zµν(n) factors can be moved around depending on the change of variables, but their
product over each plane cannot be changed. One possibility is to make all factors equal to
one except for a single plaquette sitting at the corner of each plane. It is quite clear that
for large volumes this has little influence in the local dynamics, but at small volumes it has
an important effect.
An extreme situation occurs in reduced models. The lattice consists of a single point
L = 1. One can drop the n dependence of links and plaquettes and one is left with a
system involving only d SU(N) matrices Uµ. If one takes periodic boundary conditions one
has the EK model. If, on the contrary, one chooses twisted boundary conditions, one has
the TEK model. The latter has more freedom because one can take different values for
the fluxes nµν having different properties. For a class of values there exist configurations
having zero-action. Thus, in these cases, there exist matrices Uµ = Γµ such that they
satisfy
ΓµΓν = zνµΓνΓµ (2.8)
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These are the twist-eaters [43]-[44]. We will also impose the condition that the Γµ matrices
generate an irreducible algebra. The interested reader can consult the literature to see the
conditions imposed on the values of nµν to achieve this goal (see for example Ref. [45]).
Rather than working with the most general case we will concentrate on a rather simple sit-
uation which tries to preserve as much symmetry as possible among the different directions:
the symmetric twist. The situation occurs whenever N is the square of an integer N = Lˆ2.
Since, our goal is the large N limit, this restriction is not problematic. Furthermore, we
will usually take Lˆ to be a prime number to avoid Z(Lˆ) from having proper subgroups. In
summary, for the symmetric twist case the twist factors for each plane are:
zµν = e
2piik/Lˆ for µ < ν (2.9)
where Lˆ =
√
N and k is an integer defined modulo Lˆ. Choosing k = 0 we recover the case
of periodic boundary conditions.
For completeness let us specify the form of the Γµ matrices for a symmetric twist with
arbitrary k 6= 0. To do so, we first introduce two Lˆ× Lˆ matrices PLˆ and QLˆ whose non-zero
matrix elements are given by
PLˆ(ℓ, ℓ+ 1) = 1 (for 1 ≤ ℓ ≤ Lˆ− 1), PLˆ(Lˆ, 1) = 1 (2.10)
QLˆ(ℓ, ℓ) = expπik
[
1− Lˆ
Lˆ
+
2(ℓ− 1)
Lˆ
]
(for 1 ≤ ℓ ≤ Lˆ) (2.11)
They are SU(Lˆ) matrices satisfying
PLˆQLˆ = exp
(
2πik
Lˆ
)
QLˆPLˆ (2.12)
The four N ×N matrices Γµ with N = Lˆ2, are then given by the direct product of PLˆ and
QLˆ as follows
Γ0 = QLˆ ⊗QLˆ
Γ1 = QLˆ ⊗ PLˆQLˆ
Γ2 = QLˆ ⊗ PLˆ (2.13)
Γ3 = PLˆ ⊗ ILˆ
with ILˆ the Lˆ× Lˆ unit matrix.
2.2 Observables
Now let us consider the main observables. The most natural gauge invariant observables
are Wilson loops. A path on the lattice is a finite sequence of oriented links, such that the
endpoint of one element in the sequence coincides with the origin of the next element. For
each path we can construct a unitary matrix as a product of the associated link variables
following, left to right, the order of the sequence. The reverse path is associated with the
inverse matrix. A closed path is a path such that the endpoint of the last element in the
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sequence coincides with the origin of the first element. The trace of the corresponding
unitary matrix is just the corresponding Wilson loop , which is gauge invariant.
It is clear that the simplest non-trivial closed path is an elementary plaquette Pµν(n).
The associated unitary matrix Uµν(n) ≡ U(Pµν(n)) has the expression given earlier (Eq. 2.3).
The corresponding expectation value E is the most precise lattice observable
E =
1
N
〈Tr(Uµν(n))〉 (2.14)
where the averaging is over positions, orientations and configurations. In pure gauge the-
ories with Wilson action, the quantity is connected with the mean value of the action as
follows
E =
1
V d(d− 1)bN2 〈SW 〉 (2.15)
where V is the lattice volume and d the space-time dimension.
For the case of twisted boundary conditions the change of variables into periodic link
variables transforms the plaquette observable as follows:
Uµν(n) −→ zµν(n)Uµν(n) (2.16)
where the centre element zµν(n) is the same one appearing in the action. The above replace-
ment in the formula for E gives the correct expression with twisted boundary conditions.
A priori, E is a function of the different parameters entering the simulation E(b,N,L, nµν).
Given its local character this quantity is expected to have a well-defined infinite volume
limit which is independent of the boundary conditions: E(b,N). On general grounds one
expects it to have also a well-defined large N limit E∞(b), with corrections that go as
powers of 1/N2.
Apart from the plaquette, one can consider other Wilson loops. Here we will focus on
those associated to a rectangular path of size R× T . The corresponding expectation value
will be named W (R,T ). Once more, the quantity has to be modified in the standard vari-
ables for twisted boundary conditions. The modification is just to multiply the expression
by the product of all zµν(n) factors for the plaquettes contained in the rectangle.
Just as for the plaquette, the expectation value will depend on b, N , L and nµν , but
also depends on R and T . One expects a well-defined thermodynamic limit as L goes to
∞ at fixed R and T . For obvious reasons, the finite volume corrections should be larger
as R and T get closer to L. These corrections should depend on the boundary conditions.
An extreme situation occurs for the reduced model. In that case, the loop extends beyond
the size of the box:
W (R,T ) =
1
N
zRTµν 〈Tr(URµ UTν U−Rµ U−Tν )〉 (2.17)
Nevertheless, the statement of volume independence at large N implies that even loops
that extend beyond the size of the box should behave as those obtained at infinite volume.
2.3 Methodology
The numerical results presented in this paper were obtained using a heat-bath Monte
Carlo simulation. For the Wilson action case, each link variable Uµ(n) has a distribution
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determined by the part of the action containing it, which has the form
ReTr{Uµ(n)Vµ(n)} (2.18)
where Vµ(n) is constructed in terms of the neighbouring links. Thus, at each local up-
date one should generate a new link according to the previous distribution. However, the
constraint that Uµ(n) belongs to SU(N) complicates this task. As has been demonstrated
in [46], a SU(N) link variable can be updated by successive multiplication of SU(2) sub-
matrices. However, the standard Creutz’ s heat bath-algorithm has a very low acceptance
rate for SU(N) gauge theories with N larger than 8. To avoid this, we have used a heat-bath
algorithm proposed by Fabricius and Haan [47] that significantly improves the acceptance
rate for larger values of N.
Apart from this, there are two technical points which significantly speed up the SU(2)
heat bath manipulations.
1. Suppose A is an SU(2) sub-matrix, and we want to change the link variable as follows
Uµ(n)
′ = AUµ(n). During the updating step, we should also store W = Uµ(n)Vµ(n),
namely W ′ = AW , which only requires O(N) arithmetic.
2. An SU(N) matrix has N(N − 1)/2 SU(2) sub-matrices (i,j). For odd(even) N, there
are n1 = N (N − 1) sets having n2 = (N − 1)/2 (N/2) (i,j) pairs, which can be
manipulated simultaneously. For example, for N=5, we have the following 5 sets of
two pairs: {(1, 2), (3, 4)}, {(1, 3), (2, 5)}, {(1, 4), (3, 5)}, {(1, 5), (2, 4)}, {(2, 3), (4, 5)}.
If the computer supports vector or multi-core coding, we should make full use of these
n2 independent manipulations.
For the case of the reduced model (having L = 1), the previous methodology fails,
because the distribution is not given by Eq. 2.18. The part of the action containing Uµ(n)
depends quadratically rather than linearly on it. However, one can return to a linear
dependence by introducing a Gaussian random matrix, which after integrating over it
reproduces the original form [47]. Thus, we can alternate the updating of the new random
matrix with the previous heat-bath update.
Finally a link update is obtained by applying the SU(2) update for each of the N(N −
1)/2 SU(2) subgroups in SU(N). A sweep is obtained by applying an update for all the
links on the lattice, followed by 5 over-relaxation updates.
To reduce autocorrelations we typically measured configurations separated by 100
sweeps. In any case, the final errors were estimated by a jack-knife method with much
larger separation among groups. Another important point concerns thermalization. Typi-
cally we discarded the initial 10% of our configurations. We monitored several quantities
to ensure that we observed no transient effects in the resulting data. Related to this point
there is the choice of initial configuration. For the TEK model we always initiated thermal-
ization from the cold configuration that minimises the action at weak coupling Uµ = Γµ.
We observed no sign of phase transition behaviour except for low values of b and small N .
Indeed, some of our results extend below the transition point between strong and weak
coupling, which was estimated to be b = 0.3596(2) in Ref. [48]. Results below this value of
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b lie then in a metastable phase (at infinite N). Nonetheless, it seems that as N grows the
probability of tunnelling decreases considerably and there are no signs of phase flips even
down to b = 0.35. Whether the tests of volume independence are performed in a metastable
region or not is of no particular concern, as was the case for the partial reduction studies of
Ref. [29]. The same applies for the other phases presented in the same reference. In all our
simulations we have monitored the behaviour of open loops which are not invariant under
the Z(
√
N)4 symmetry of the reduced model and found them to be compatible with zero
within errors. As mentioned in the introduction, the choice of flux k is obviously crucial
for this result. Our results, therefore, provide a test that the criteria, presented in Ref. [31]
to avoid symmetry breaking, works well.
Finally, a comment about the total statistics and computer resources employed in
our results. The number of different simulation parameters involved in our work are in
the hundreds, and have been accumulated over several years. Typically, the number of
configurations used for our large volume (L=16,32) periodic boundary conditions results is
the range 300-600, and have been generated with INSAM clusters at Hiroshima University.
For the TEK model we have used typically 6000 configurations at each b value at N=841,
and 2000 configurations at N=1369. The most extensive and computer-wise demanding
results were obtained with the Hitachi SR16000 supercomputers at KEK and YITP. Some
small scale results were obtained with the clusters and servers at IFT.
3 Size and N dependence of small Wilson loops
3.1 General considerations about volume independence
Expectation values of the lattice observables depend on the conditions of the simulations,
namely the values of b, L, N and the twist tensor nµν . Restricting ourselves to the sym-
metric twists we may write O(b,N,L, k) for a generic observable O. In the thermodynamic
or infinite volume limit, local observables should have a well defined value:
lim
L−→∞
O(b,N,L, k) = O(b,N) (3.1)
Notice that in that limit the dependence on the boundary conditions drops out. In general,
we expect the infinite volume observable to have a well defined large N limit:
lim
N−→∞
O(b,N) = O∞(b) (3.2)
The observable O∞(b) is the large N quantity that we are interested in.
The question now poses itself about the commutativity of the order of both limits.
What is the result if we take large N limit first, and then the infinite volume limit? The
concept of volume independence [10] gives a striking answer to this question. Taken at face
value it predicts
lim
N−→∞
O(b,N,L, k) = O∞(b) (3.3)
Even before it was formulated this hypothesis, as such, was known to be wrong. Its validity
depends upon the value of b and the dimensionality of space-time. While presumably
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correct in two dimensions it is certainly not true in higher dimensions and sufficiently
large values of b. Still the hypothesis is correct for b in the strong coupling region b <
bc(N) [10][49]. The point brought into the discussion by Ref. [31] is about the dependence
of the statement upon the value of k. No doubt that the choice of k has a crucial influence
on the results for small L. The proposal of Ref. [15] of choosing k coprime with
√
N avoids
the problems found for k = 0 (periodic boundary conditions) at small enough couplings
(large b).
A modified hypothesis for the periodic boundary condition (k = 0) case, known as
partial reduction, was introduced by Narayanan and Neuberger [29]. In view of their
results, they conjectured that volume independence remains true provided L > Lc(b), with
Lc(b) a growing and asymptotically divergent function of b. This idea can be combined
with the use of twisted boundary conditions. Not surprisingly, the effective value of Lc(b),
as obtained in finite N studies, seems to depend also on k [30].
However, numerical studies[17]-[18] disproved the initial hypothesis that it is enough
to take k coprime with
√
N = Lˆ to restore volume independence, as formulated in Eq. 3.3,
at all values of the coupling. In view of this, a modified volume independence proposal was
put forward in Ref. [31]:
lim
Lˆ−→∞
O(b,N = Lˆ2, L, kLˆ) = O∞(b) (3.4)
This implies that the flux has to be scaled as Lˆ is sent to infinity. According to the
proposal, based on centre symmetry breaking arguments, the precise value of kLˆ is not
relevant provided kLˆ/Lˆ and k¯Lˆ/Lˆ remain always larger than a certain threshold (∼ 0.1).
Here k¯ is an integer such that kk¯ = 1 mod Lˆ. The restrictions of working with symmetric
twists and values of N that are the square of an integer are presumably not indispensable.
They emerge from the simplicity of maintaining as much isotropy as possible among the
different directions of space-time.
The validity of any volume independence hypothesis has always been tested indirectly
by verifying the Z4(N) symmetry condition assumed in Eguchi and Kawai proof. Although
this is valid road-map, nowadays it is possible to explore directly how a given particular
observable behaves as a function of the different quantities involved. This has the advantage
of informing us of the rate at which the asymptotic limits are attained, which is a crucial
piece of information in rendering volume independence a useful tool in numerical studies.
In what follows we will present the results of our analysis taking as observables the best
measured lattice observables: the plaquette and other small Wilson loops. One of the good
things of the reduction or volume-independence hypothesis is that it is valid for the lattice
theory, not only the continuum limit. If reduction takes place in the scaling region, this
will be inherited by the continuum limit.
3.2 Behaviour at very weak coupling
Although most of our interest has concentrated in the region of b values from which scaling
results are obtained, it is interesting to examine what happens to volume independence
at very weak couplings (large values of b). In that region, perturbation theory is a good
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approximation to the behaviour of our lattice quantities. Typically one gets an expansion
of the form
O(b,N,L, k) = Oˆ0(N,L, k) −
∞∑
n=1
Oˆn(N,L, k)
1
bn
(3.5)
For Wilson loops the leading term is Oˆ0(N,L, k) = 1.
Let us start by focusing upon the plaquette E(b,N,L, k). The infinite volume coeffi-
cients up to order n = 3 have been computed by several authors [50]-[52]. The correspond-
ing values in 4 dimensions are
Eˆ1(N) =
1
8
(1− 1
N2
) (3.6)
Eˆ2(N) =
1
24
(1− 1
N2
)(0.12256631 − 3
16N2
) (3.7)
Eˆ3(N) = (1− 1
N2
)(0.000794223 − 0.002265487/N2 + 0.0023152583/N4) (3.8)
The finite volume corrections for periodic boundary conditions started to be studied long
time ago. The main difficulty is the presence of infinitely many gauge inequivalent configu-
rations with zero-action: the torons [13]. If one expands around the trivial classical vacuum
Aµ = 0 (which dominates the path integral for d=4 and large N), one must separate the
fluctuations into those with zero momentum and the rest. The non-zero momentum con-
tributions to the plaquette were studied in Ref. [53]-[54]. They adopt the form:
Eˆ
(p 6=0)
1 (N,L, k = 0) =
1
8
(1− 1
N2
)(1 − 1
L4
) (3.9)
The corresponding contribution of the zero-momentum degrees of freedom was computed
in Ref. [55]. In 4 dimensions it becomes:
Eˆ
(p=0)
1 (N,L, k = 0) =
1
12
(1− 1
N2
)
1
L4
(3.10)
It is clear that the leading order finite volume corrections do not cancel each other and do
not go to zero as N goes to infinity:
Eˆ1(N,L, k = 0) =
1
8
(1− 1
N2
)(1 − 1
3L4
) (3.11)
This kills the volume independence hypothesis for periodic boundary conditions at weak
coupling, where the calculation is reliable.
For twisted boundary conditions the calculation is very different since the action has
isolated minimum action solutions. In this case the result is given by [13][55]
Eˆ1(N,L, k 6= 0) = 1
8
(1− 1
N2
) (3.12)
Hence, there is no volume dependence at this order. This result, as well as that of periodic
boundary conditions, can be easily derived since the expectation value of the plaquette can
be obtained by differentiating the partition function with respect to b. To this order what
matters is just the counting of gaussian and quartic fluctuations.
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In the same references the volume dependence of rectangular R × T Wilson loops to
leading order in perturbation theory was also studied. The infinite volume coefficients up
to order λ2 were computed in Ref. [51]. For loop sizes much smaller than the lattice size,
the leading finite volume correction from non-zero momentum is
δWˆ
(p 6=0)
1 (R,T,N,L, k = 0) =
1
8
(1− 1
N2
)
R2T 2
L4
+O(L−6) (3.13)
while the zero momentum one is
δWˆ
(p=0)
1 (R,T,N,L, k = 0) =
1
12
(1− 1
N2
)
R2T 2
L4
(3.14)
Again they do not cancel each other, leaving a finite volume correction at all N . On the
contrary the result for twisted boundary conditions takes the form
Wˆ1(R,T,N,L, k 6= 0) = Wˆ (p 6=0)1 (R,T,N =∞, LLˆ, k = 0)−
1
N2
Wˆ
(p 6=0)
1 (R,T,N =∞, L, k = 0)
(3.15)
where Lˆ =
√
N . The first term is just the result of periodic boundary conditions at N =∞
and a lattice volume of N2L4. Thus as N grows we approach the infinite volume result
irrespective of the value of L. The second term goes like 1/N2 in the large N limit, but
plays an important role in reducing finite volume corrections. This comes because the
leading L−4 corrections cancel each other between the first and second terms, so that the
leading finite volume dependence in the sum goes like N−2L−6. Notice that, due to the
same reason, adding the p = 0 contribution to the k = 0 coefficients of the right-hand side
does not alter the result. In summary, large N volume independence holds at this order.
In Ref. [15] the present authors studied the structure of the Feynman rules for the
TEK model (L = 1) and argued that volume independence should hold at all orders of
perturbation theory. This result trivially extends to large N , k 6= 0 models for any L.
The rules are essentially a lattice version of those of non-commutative field theory. The
finite N corrections appear in two ways. On one side the propagators are just the lattice
propagators in a box of size L
√
N . This relates finite N effects with finite volume effects.
However, in addition the finite N effect comes in as a non-planar diagram contribution,
which is generically exponentially suppressed with N , but might induce also power-like
suppressions. Furthermore, the coefficients depend on the choice of the flux k. To quantify
finite N and finite volume corrections, including the effect of k, a numerical analysis of the
O(λ2) coefficients would be quite interesting. This study is currently under way [56].
In the absence of explicit perturbative calculations, we might use numerical simulations
at small coupling in order to quantify the size of finite volume corrections at weak coupling
(large values of b). In this work we used limited resources, by taking L = 1, 2, 4 and N = 49
for both periodic and twisted boundary conditions. A more precise study will be performed
to test the higher order analytic calculations.
Hence, we will compare our numerical results with the predictions of perturbation
theory at infinite volume. The results for the plaquette expectation value at b ≥ 2 and
k 6= 0 are quite compatible with the perturbative formulas. For example, the perturbative
prediction at infinite volume at b = 2 and N = 49 is 0.936152, while the measured value for
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Figure 1: We plot the measured value of the plaquette E minus the infinite volume
perturbative result up to order λ3 for N = 49. The result for the TEK model (red points)
is compatible with zero to within two sigma. For the periodic boundary conditions (L=1
blue and L=2 green) we subtracted the finite size corrections to order λ and plotted the
difference (divided by 16 for L = 1).
L = 4 and a symmetric twist with k = 2 is 0.936147(5). The difference is compatible with
zero within errors, which are smaller than the 1/N2 corrections, since the perturbative
value at N = ∞ gives 0.936123. For the TEK model (L = 1) one gets 0.936134(4),
0.936140(4), 0.936135(4) for k = 1, 2, 3 respectively, which is in agreement with the L = 4
result and within acceptable 1/b4 corrections of the perturbative value. We emphasise that
the agreement is sensitive to the O(λ2) and higher perturbative coefficients. To see this,
we fitted a cubic polynomial in 1/b to the plaquette results fixing the constant and linear
coefficients to the perturbative infinite volume values. The best fit (having chi square per
degree of freedom less than 1) gives a value 0.00511(3) for the coefficient in 1/b2, while
the infinite volume coefficient is 0.005102. The 1/b3 coefficient fits to a value of 0.00091(8)
which is not far from the infinite volume result 0.000793. The panorama is summarised
in Fig. 1. In it we show the difference between the measured and three-loop (order 1/b3)
infinite volume perturbative value of the plaquette for the TEK model (L = 1) N = 49 and
k = 3. Thus, within the precision of the numerical data we conclude that the plaquette
of the Twisted Eguchi-Kawai model in the perturbative region is compatible with infinite
volume perturbation theory already for N = 49.
The previous result is in strong contrast with the result for periodic boundary condi-
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Figure 2: For the TEK model at N = 49 and k = 3 we plot δW (R,R), the difference
between the measured expectation values of Wilson loops and the next-to-leading pertur-
bative formula at infinite volume. The result is divided by R4 and compared with the
analytic prediction at leading order (straight line in the same colour) and a second-degree
polynomial fit for R = 4.
tions. We already found that there are sizeable finite volume corrections of order λ = 1/b.
However, even if we subtract out this contribution finite size effects are still considerably
larger than for TEK. In Fig. 1 we show the case of L = 2 k = 0, and also the L = 1 k = 0,
which has been divided by 16 to fit it into the same plot.
It is also very interesting to look at what happens for larger loops. In contrast with the
case of the plaquette, the result at lowest order has a non-vanishing finite size correction
which, as we saw earlier, is of order 1/N2. The question is whether there is numerical
evidence that higher orders violate this rule and produce large corrections. Again we have
looked at the TEK model at N = 49 and various b ≥ 2 values. We measured the mean
values of the Wilson loops and subtracted from it the perturbative formula for the infinite
volume Wilson loop, up and including order λ2. Hence, the difference δW (R,T ) measures
the leading corrections to volume independence. Asymptotically this must be dominated
by the term linear in 1/b which can be computed analytically, and which for very large N
and R,T ≪ √N is given by
− λ
N2
(Wˆ1(R,T,N =∞)− R
2T 2
8
) +O( 1
N3
) (3.16)
Thus, the correction for R = T grows with the fourth power of (R/
√
N). As expected
√
N
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acts as the effective size of the box. Thus, in Fig.2 we plot our result for δW (R,R)/R4 at
N = 49 with twisted boundary conditions and k = 3. The straight lines are the leading
order perturbative contribution. Since, R = T = 3, 4 are not much smaller than Lˆ = 7
the slopes for the various R change by a factor of 2. The actual data lie always below the
corresponding straight line, implying that higher powers of 1/b produce a dependence of
the opposite sign. Indeed, one can easily describe the data points by simply adding a 1/b2
correction with a coefficient determined by a fit. The corresponding line is also plotted as
the blue curve for R = T = 4.
3.3 N-dependence of Plaquette at b = 0.36
In what follows we move to the other edge of the weak coupling phase of the large N model.
We choose a particular value of the coupling b = 0.36, right above the strong to weak phase
transition point. At this point we carried a large number of simulations to determine the
expectation value of the plaquette for various values of N , L and the flux k. As mentioned
earlier, we expect that when L is large enough, the result should be independent of the
boundary conditions and given by E(0.36, N). We estimate that at L = 16 one gets a good
measure of this quantity within the errors of order 0.00001. In particular, for N = 8, L = 16
and k = 0 (periodic boundary conditions) one gets E(0.36, 8, 16, k = 0) = 0.572022(19),
which is compatible with the value obtained at N = 8, L = 32 and k = 0 given by
E(0.36, 8, 32, k = 0) = 0.572019(5) ∼ E(0.36, 8).
To test the volume independence hypothesis, we performed a series of simulations in
a lattice of size L4 = 164 with periodic boundary conditions, for b = 0.36 and all values of
N in the range N ∈ [8, 16]. The mean plaquette value results are displayed in Fig. 3a as
a function of 1/N2. The dependence on N is clearly visible, being much larger than the
individual errors, which are too small to be seen in the plot. A good fit is obtained by
a second degree polynomial in 1/N2. The χ2 per degree of freedom is 0.248, for 9 points
and 3 parameters. The coefficient of the linear term is 0.960(3). The constant coefficient
in the fit provides the extrapolated value of the plaquette at N = ∞, and its value is
E∞(0.36) = 0.558012(12). To test the L dependence we repeated the analysis in an 8
4
and 44 periodic box. The results of the 84 box are numerically close to those of 164, but
the difference is much larger than the errors and clearly seen in the plot. For N = 8 the
difference is 3.41(70) 10−4 and for N = 16 it is 2.42(50) 10−4 . A similar three parameter
fit describes the data very well and gives an extrapolation of 0.558114(67). Indeed, even
fixing the extrapolated value to be equal to the L = 16 one, we get a fit with a chi square
per degree of freedom which is smaller than 1. Thus, our results are consistent with the
basic claim that the volume dependence drops to zero in the large N limit.
In contrast we also show the results of the L = 4 periodic lattice. For this smaller
volume we have explored values of N = 8, 10, 12, 14, 16, 25, 49, 81. A good polynomial fit
can be obtained which undoubtedly extrapolates to a very different value in the large N
limit. Thus, volume independence fails in this case. This is precisely what we expected on
the basis of the results of Narayanan and Neuberger [29]. At b = 0.36 volume independence
should only work for L ≥ Lc(0.36) ∼ 8.
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Figure 3a: The expectation value of the plaquette E for b = 0.36 is plotted as a function
of 1/N2. We used periodic boundary conditions on a box of size L4 with L = 4, 8, 16. The
black point is the result of the TEK model for k = 11 and N = 1369.
The important role of boundary conditions, as claimed in Refs. [14]-[15], is certainly
supported by our data. The black point in Fig. 3a is our result with the TEK model,
namely a one point box (L = 1) with symmetric twisted boundary conditions, flux k = 11
and group rank N = 1369. From a single simulation we get E∞(0.36) = 0.558019(11),
which is in perfect agreement with the extrapolated result. Obviously, it is to be expected
that the same applies if one uses partially reduced situations with L > 1, provided one
uses appropriate boundary conditions. Indeed, we studied the L = 2 and L = 4 cases
with symmetric twisted boundary conditions and N = 9, 16, 25, 36, 49, 81 (with k values
of 1, 1, 2, 1, 2, 2 respectively). Here the N dependence of the result is quite obvious, but
follows the same curve as for the L = 16 periodic boundary conditions one. We take this
curve to give the N dependence at infinite volume E(0.36, N). The leading correction,
as mentioned earlier, is a 1/N2 term with a coefficient close to one. We use this fact to
display the data in a different fashion, which allows to get a better grasp of the precision
involved. Plotting E − 1/N2 the errors of the L = 16, 8 data are clearly seen in the plot
(Fig. 3b). Notice the small scale on the y axis, showing the high precision of the data.
The curves shown are the afore-mentioned fits to the periodic boundary condition data in
the range N ∈ [8, 16]. Once again we see that the curve goes through the TEK point at
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Figure 3b: We display the same L = 16, 8 data as in Fig. 3a but subtracting 1/N2. In
addition we also plot the TEK data point at N = 1369 and various values obtained at
L = 4 and symmetric twist.
N = 1369, whose errors are of the size of the point. The results of L = 4 with twisted
boundary conditions are also shown and are consistent with the same curve. This shows
that L = 4 is close enough to infinite volume when twisted boundary conditions are used
even for N as small as 9. Our L = 2 data with tbc do not disrupt the picture. Indeed, a
simultaneous fit to the L = 2, 4 twisted and L = 16 periodic box has chi square per degree
of freedom smaller than 1.
The previous data provide the most precise test of volume independence to date.
Errors in the plaquette are of order 10−5, and to that level the Twisted Eguchi-Kawai
model matches the extrapolated result. At this level of precision the 1/N2 correction is
still sizeable up to N ∼ 300. We emphasise that this agreement is putting to test the
validity of reduction in the non-perturbative regime. The value of b = 0.36 lies in the
region in which scaling is best observed and corresponds to a lattice spacing of 0.1 in
ΛMS units. Thus, it is hard to argue against the fact that nonperturbative phenomena
contribute corrections to the plaquette higher than 10−5.
In any case, as argued in the introduction, our goal goes beyond the yes/no answer
to volume reduction. We want to investigate the size and nature of the errors affecting
physical quantities at large but finite N . For the case of the plaquette we have seen that
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Figure 4: We plot the plaquette E minus 0.96/N2 as a function of 1/N2 for the TEK
model. The green point is the infinite N extrapolated value from L = 16 data. The blue
point on the left, the corresponding result for L = 8.
there is a leading 1/N2 correction which is pretty much volume independent provided one
uses sufficient large sizes and/or appropriate boundary conditions. For example, at L = 16
and N = 16 the plaquette is E(0.36, 16) = 0.561700(6), which is still relatively far from
the infinite N value of 0.558. Using twisted boundary conditions (k = 1) and L = 4 the
result is E(0.36, 16) = 0.561712(20). For L = 2 one has E(0.36, 16) = 0.561748(84). Thus
the three results are perfectly consistent with each other. Unfortunately the L = 1 twisted
result for this N cannot be obtained due to the vicinity to the strong coupling phase. The
plaquette shows frequent jumps to a low value around 0.4. As mentioned in the previous
section these flips are suppressed at larger values of N .
We have seen that theN -dependence of the plaquette expectation value for large lattice
sizes matches with the result of small L = 2, 4 sizes and symmetric twists. In principle,
there is no known reason why the 1/N2 corrections should not depend on L and the value
of k. For the case of the TEK model (L = 1) it is important to know how big these
corrections are, in order to optimise the values of N used to reproduce infinite volume
results within a given precision. To investigate this matter, we studied the TEK model for
N = 81, 121, 289, 529, 841, 1369 corresponding to Lˆ = 9, 11, 17, 23, 29, 37. The values of the
flux adopted were k = 2, 3, 5, 7, 9, 11 respectively. These choices are dictated by our criteria
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to avoid symmetry breaking. The resulting values of the plaquette are collected in Fig. 4.
We plot E(0.36, N) − 0.96/N2 according to the value of the leading correction obtained
from the L = 16 periodic boundary condition data. This correction only affects sizably
the results of N = 81 and 121. What we see is that all the results are consistent with
each other within errors. That shows the approximate universality of the 1/N2 correction.
On the negative side of the x-axis at arbitrary locations we placed the prediction for the
infinite volume, infinite N , plaquette E∞(0.36) obtained by extrapolation of the L = 16
and L = 8 periodic boundary conditions data. The results are consistent, and give a best
estimate E∞(0.36) = 0.558002(5). The different values and errors are also displayed in
Table 1.
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Figure 5: This is similar to Fig. 3a but for the 4× 4 Wilson loop.
We should emphasise that the choice of k is important. If we approach those values for
which symmetry breaking is observed, significant departures are observed. For example,
taking N = 81 and k = 1, the plaquette becomes 0.5554(1). Although this is less than 1%
away from the result at k = 2, it is many standard deviations away given the precision of
our data.
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MODEL Plaquette E∞ W∞(2, 2) W∞(3, 3) W∞(4, 4)
L=16 PBC 0.558012(12) 0.155294(37) 0.032533(52) 0.005851(26)
L=8 PBC 0.558114(67) 0.155569(112) 0.032543(97) 0.006110(23)
TEK N=1369 0.558019(11) 0.155256(23) 0.032489(14) 0.005861(13)
TEK N=841 0.557998(5) 0.155209(10) 0.032430(7) 0.005835(5)
TEK N=529 0.557996(10) 0.155215(15) 0.032418(13) 0.005853(10)
TEK N=289 0.557998(14) 0.155235(21) 0.032399(16) 0.005841(12)
L=4 TBC 0.558022(9) 0.155257(21) 0.032488(24) 0.00586(40)
L=2 TBC 0.55797(1) 0.155186(71) 0.03239(13)
Table 1: Estimates of the infinite volume large N plaquette E∞(0.36) and small square
loops W∞(R,R) obtained by extrapolation of L = 16 and L = 8 periodic boundary condi-
tions (PBC) data. The same observables are given for the TEK (L = 1) model and other
partially reduced symmetric twist results with L = 2, 4. All data correspond to b = 0.36.
3.4 Results for other small loops and for other values of b
Having seen that reduction works at the level of the tiny statistical errors for the plaquette,
we should also explore other quantities. In principle, extended quantities should be more
sensitive to finite volume corrections than the plaquette. Hence, we explored also the
results for square loops of linear size R (The R = 1 case is just the plaquette). The relative
errors grow considerably with R. Typically, errors remain more or less constant, but the
value of the observable drops considerably; at R = 4 by a factor of a hundred. Since, we
want to test the observables with the minimum amount of manipulation we restrict our
analysis to R ≤ 4.
The methodology is similar to the one for the plaquette. The L = 16 results are fitted
to a quadratic polynomial in 1/N2 allowing extrapolation to large N. The coefficient of the
1/N2 is 1.04(1), 0.44(2) and 0.14(1) for R = 2, 3, 4 respectively. For the larger loops the
quartic coefficient is compatible with zero. The large N extrapolated values are collected
in Table 1 together with the plaquette values. The fits are good and match with the result
of the TEK model. As an example, the situation for the largest loop W (4, 4) is shown in
Fig. 5. Notice that, as a consequence of the small expectation value of the loop, the 1/N2
correction gives a quite significant contribution in relative terms (of order 10% at N = 16).
The results for L = 8 periodic boundary conditions give compatible extrapolations for all
loops except for R = 4 as seen clearly from the figure.
Hence, the evidence that at b = 0.36 reduction is at work with errors of order 10−5
extends to Wilson loops of size up to 4 × 4. A less extensive study has been carried at
other values of b. For example, at b = 0.37 and L = 16 we also measured the same
observables in the range N ∈ [8, 16]. Again the data is beautifully described by a second
degree polynomial in 1/N2. The linear coefficient is now 0.789(5). This gives an estimate
of E∞(0.37) = 0.578978(17), which compares quite well with the direct measurements of
the TEK model at N = 1369 and N = 841 which were E∞(0.37) = 0.578961(6) and
E∞(0.37) = 0.578954(7) respectively. The situation is depicted in Fig. 6 in which we
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Figure 6: The plaquette E for b = 0.37 after subtracting a 1/N2 correction. Red points
come from L = 164 lattice with periodic boundary conditions. The two overlapping blue
points are TEK simulations. The green ones are from a partial twisted reduction with
L = 4 and N = 25, 49. The latter point is also plotted without the 1/N2 subtraction.
also included the results of partially reduced twisted simulation with L = 4, k = 2 and
N = 25, 49 which fit nicely into the same curve. Here we are not only testing the L
independence but also the approximate universality of the leading 1/N2 correction. Even
for N = 49 this correction is non-negligible. To show this, we also displayed the L = 4
N = 49 point without subtraction, which gives the square which stands outside the curve.
To the level of the errors it is clear that the 1/N2 correction is rather large.
We also analysed the characteristic 1/N2 dependence for the TEK model (L = 1).
Obviously for that one has to simulate small values of N , since for N > 300 the correction
is smaller than the statistical errors. Furthermore, it is to be expected that the coefficient
depends on the flux k. Thus, we simulated the model for various (k,N = Lˆ2) combinations.
In all cases we computed the coefficient C1 given by
C1 = N
2(E(0.37, N,L = 1, k)− E∞(0.37)) (3.17)
The results are plotted in Fig. 7 as a function of k¯/Lˆ (we recall that k¯k = 1 mod Lˆ). Within
the allowed region (> 0.1) the coefficient lies between −2 and 2, implying that there are no
unexpectedly large 1/N2 corrections in any case. Furthermore, all values having k¯
Lˆ
> 0.25
are consistent with the infinite volume 1/N2 coefficient marked as a horizontal line in the
plot.
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Figure 7: We plot the coefficient C1 defined in Eq. 3.17 as a function of k¯/Lˆ for various
simulations of the TEK model at b = 0.37 and various values of N and k.
For bigger loops the 1/N2 is rather a finite volume correction, which should grow as the
loop size approaches the effective lattice size Lˆ. Nonetheless, the equivalent C1 coefficient
remains within reasonable limits. For example, for 4 × 4 loops the coefficient remains in
the band [−6, 10] for k¯/Lˆ > 0.1.
The most important qualitative difference of the b = 0.37 data with respect to the b =
0.36 one is that the L = 8 periodic boundary condition data does not seem to extrapolate
to the same value. The result is 0.57935(7) which is not terribly far away, but inconsistent
within errors. Indeed, this was to be expected on the basis of the Narayanan and Neuberger
results, since at b = 0.37 the L = 8 size lies outside the unbroken symmetry region.
The previous procedure was repeated for various other values of b. Two estimates of
the large N infinite volume Wilson loop expectation values can be given. One is the large
N extrapolation of the results on an 164 periodic box. The other comes from simulating the
TEK model at various large values of N . The TEK results are consistent among themselves
and compatible with the ones coming from large N extrapolation. Furthermore, they tend
to have smaller errors. Table 2 summarises the results.
3.5 Global Fit to small loop expectation values
In the previous subsections we have analysed the validity of the reduction idea by comparing
the results of infinite volume gauge theories with those obtained for the TEK model. Our
first tests were obtained in a region dominated by perturbation theory, and then we moved
to the opposite edge of the weak coupling region. It is tempting to use all the results to
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MODEL Plaq. E∞ W∞(2, 2) W∞(3, 3) W∞(4, 4)
Average TEK b=0.350 0.529672( 1) 0.123504( 4) 0.019199( 15) 0.002319( 11)
Extrapolated b=0.350 0.529846( 40) 0.123689( 66) 0.019182( 35) 0.002340( 31)
Average TEK b=0.355 0.545336( 11) 0.140781( 14) 0.026071( 37) 0.003999( 12)
Extrapolated b=0.355 0.545417( 63) 0.140926( 64) 0.026103( 42) 0.003937( 83)
Average TEK b=0.365 0.569018( 4) 0.168113( 5) 0.038554( 8) 0.007813( 6)
Extrapolated b=0.365 0.569021( 41) 0.168096( 28) 0.038592( 59) 0.007796( 27)
Average TEK b=0.370 0.578959( 5) 0.180040( 11) 0.044547( 6) 0.009926( 3)
Extrapolated b=0.370 0.578978( 17) 0.180129( 32) 0.044573( 46) 0.009966( 45)
Table 2: Two estimates of the large N infinite volume expectation values of square loops
for various b. One estimate is obtained by extrapolation to infinite N of results on a L = 16
box with periodic boundary conditions. The other is the direct measurement with the TEK
model and various N .
obtain a global description at all values of b. For practical purposes it is also interesting
to have a formula that allows to interpolate the various values of E∞(b) that have been
collected in the previous tables. This can allow us to make use of all the available data on
the TEK model and SU(N) gauge theories generated at various values of b in the course of
previous investigations [32]-[33].
If we analyse all plaquette expectation values obtained for the TEK model, it is re-
markable that all our results for b ≤ 0.385 fall neatly into a straight line in the variable
1/bI , where bI = b ∗ E∞(b). The improved coupling bI was introduced by Parisi [57] and
used extensively in Ref. [34]. The function 0.89661(32) − 0.006803(7)/bI approaches the
numerical values at the level of 0.0001. Nonetheless, the fit cannot be considered good,
since the errors in the plaquette values are one order of magnitude smaller.
This led us to look for another parameterization, which could not only fit the measured
values but also match with the perturbative expression up to three loops studied earlier. It
was not hard to find a solution as a ratio of two polynomials of third degree in 1/bI . The
constant term of both polynomials is 1. Of the remaining six parameters, three are fixed
by the perturbative formula. Fitting the remaining three parameters to the TEK values
we get a fit with chi-square per degree of freedom equal to 0.22. Given the nice properties
of the formula and the high precision of the data, this seems quite remarkable.
We tried to extend the previous formula to the determination of E(b,N). As mentioned
earlier, in addition to the L = 16 data used for the extrapolations presented in previous
subsections, we do have a good amount of data coming from our determination of the large
N string tension [32]-[33]. Altogether, we have 88 points for L = 16 and L = 32 with
periodic boundary conditions, various values of b and N ranging from 3 to 16. A good fit is
obtained to all of them by replacing the 3 parameters of the previous parameterization by
a second degree polynomial in 1/N2. The constant term is fixed to the parameters of the
large N fit. Altogether, there are 6 new parameters, although some are clearly redundant
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and one can obtain a good fit having a chi square per degree of freedom of ∼ 0.7 with
only 4 parameters. Furthermore, 1/N4 terms are only necessary if we include the results
at N = 3 and N = 4.
Summarising, we may write
E¯(b,N) =
N(x, y)
D(x, y)
(3.18)
where x = 1/bI and y = 1/N
2. The numerator N(x, y) is a polynomial of the form
N(x, y) = 1 +
3∑
n=1
min(2,n)∑
m=0
anmx
nym (3.19)
The denominator has exactly the same form with different coefficients a′nm which are com-
pletely determined by the anm and the coefficients of the perturbative expansion of the
plaquette to order 1/b3 (we leave the details to the reader). Notice that Eq. 3.18 gives
E¯(b,N) in an implicit way, since bI = bE¯(b,N). Nevertheless, the formula allows one to
solve analytically for E¯(b,N) as a function on b with a formula that involves radicals.
In Fig. 8 we show the difference of our plaquette measurements and the function
Eq. 3.18 for certain values of N . The different values of N are shifted by multiples of 10,
for a better presentation. The best fit parameters are given by a10 = −0.0644631, a20 =
−0.0162287, a30 = 0.0005949, a11 = 0.1312897, a21 = −0.0143626, a31 = −0.0002531,
a22 = −0.1871392 and a32 = 0.0042532.
The conclusion of this result is that the whole data set is perfectly consistent. All
values can be fitted with a simple function whose large N behaviour has been determined
entirely in terms of the TEK measured values. The finite N values are dominated by the
1/N2 correction which describes the data from a relatively small value of N on.
Furthermore, having this formula allows one to estimate the plaquette expectation
value at intermediate values. For example, we could compare our formula with the mea-
surements of other authors at large volumes and different couplings. We always found
agreement to the level of ±0.00002. Nonetheless, one must be cautious about using our
formula for extrapolation outside of the fitting range. In principle, for large b this is less
worrisome, since the function incorporates the perturbative behaviour up to order 1/b3.
To give a bird’s eye view of our formula and the data we show the plaquette value E as a
function of b for several values of N in Fig. 9. To the scale of the figure our best fit curves
go right through the centres. For comparison we added also the curve reconstructed from
the 34 perturbative coefficients obtained recently for the SU(3) case [58]. At this scale this
curve also fits the points and you only start to see visual deviations of both curves for low
b values.
The same procedure can be extended to square loops up to 4× 4. There are a bunch
of small differences in our procedure and also in the quality of the results. We considered
more reasonable to fit the logarithm of the Wilson loops. This time, however, we lack the
O(1/b3) perturbative coefficients for all N , and we used only the results of Ref. [51]. In
order to deal with this lack of information without enlarging the number of parameters we
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Figure 8: Comparison of our data points with the best fit function Eq. 3.18 for a selection
of values of N . Data of different N are shifted by multiples of 10 for display purposes.
From top to bottom TEK, N = 16, N = 8, N = 4 and N = 3.
used a (3,2) Pade´ approximant with coefficients that are polynomials in 1/N2. The lowest
order 3 parameters are determined in terms of the TEK data only and give good fits. The
higher order terms in 1/N2 are determined from the SU(N) data with poorer fits having
chi-squares of 2 times the number of degrees of freedom (points-parameters). Given the
small errors there are still tiny differences between the measured values and the fits. In
Fig. 10 we give as an example the bird’s eye view of the 4 × 4 Wilson loop, which at this
scale shows no visible deviation.
As explained earlier, the interest of the fit is that we have been able to make use of all
the data obtained during the last few years by our group both for the TEK reduced model
as for ordinary SU(N) lattice field theory at various values of N . The main conclusion is
that everything fits into a picture in which the TEK results match nicely as the large N
extrapolation of ordinary gauge theory at infinite volume for the wide range of couplings
explored.
4 Conclusions
In this paper we have presented the results of an extensive analysis of the expectation values
of small Wilson loops for SU(N) Yang-Mills theory on the lattice with Wilson action. Our
analysis allows to test the dependence of these observables on the rank of the group N , the
size of the box L and the boundary conditions. Our results provide direct evidence that,
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Figure 9: We display the plaquette expectation value E as a function of b for a sample of
our data points. The finite N results were obtained in simulations of boxes with linear size
L = 16, 32. The N =∞ points are given by the TEK model. The curves are our best fit.
under certain conditions, the large N results are independent of the lattice size L. For this
to happen the choice of boundary conditions is crucial. Twisted boundary conditions are
most effective in reducing the volume dependence at large N , as advocated in Ref. [14]-
[15]. Our data are consistent with the claim of Ref. [31], that even the one point model
(TEK) captures the infinite volume large N results if the large N limit is taken with a
suitable choice of the fluxes. Hence, our conclusion is that an appropriate version of volume
independence holds. Although this is not a mathematical proof, the observables studied
can be determined with a high accuracy. Hence, the validity of the statement has been
tested down to the level of the statistical errors of our data, which are of order 10−5.
We have analysed the region of large values of b = 1/λ where perturbation theory is a
good approximation, but most of our results were obtained in the interval b ∈ [0.35, 0.385]
typically used to extract continuum limit results. In any case, there is no evidence for any
pathological behaviour at any value of b. Indeed, we were able to find a parameterization
of the infinite volume plaquette and small square loop expectation values which encodes
the known perturbative behaviour at weak coupling and fits all our measured values. Fur-
thermore, the large N limit of this parameterization matches nicely with the results of the
TEK reduced model. A large amount of data obtained over the last few years has gone
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Figure 10: Similar to the previous figure but for the 4× 4 Wilson loop.
into this analysis.
As stressed in the introduction the goal was not only to check the volume independence
hypothesis but also to estimate its corrections. At infinite volume the Wilson loops that
we studied approach the large N limit with a leading correction that goes as 1/N2 with
a coefficient (depending on the value of b) of order 1. The correction is not small at
the scale of the errors (∼ 10−5) and only becomes comparable for values of N ∼ 200 −
300. Thus, performing simulations at various N and extrapolating can hardly be avoided.
Furthermore, for the plaquette, the typical 1/N2 corrections of the reduced model have
similar size to those of SU(N) lattice gauge theory. Hence, a single simulation of the
reduced model gets the correct result with orders of magnitude less degrees of freedom. In
all our previous statements care has to be taken on the choice made for the flux integer k.
However, our results do not show problematic dependencies provided one stays within the
safe region proposed in Ref. [31].
For larger loops one must take into account the connection between the
√
N and an
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effective lattice size which follows from perturbation theory. Hence, deviations are expected
if the loop sizes become close to
√
N . Here, we have shown that provided one remains away
from this situation, things look pretty much like for the plaquette.
In this work we intended to verify the commutativity of the large N and large volume
limits for typical and precise lattice quantities. Our test does not rely on centre symmetry
and Eguchi-Kawai proof. Things are nevertheless consistent since our order parameters for
the symmetry are compatible with zero in all our simulations. If reduction holds for the
lattice model, this property should be inherited by the corresponding continuum limits.
Indeed, this track was followed earlier [33] when we attacked the determination of the
continuum string tension at large N . Although our results were strikingly consistent with
volume independence, they employed sophisticated methods of noise reduction for large
loops as well as extrapolation to the continuum limit. This paid a price from the point of
view of simplicity, as well as considerably enlarging the errors. Hence, the present work
can be seen as a necessary complement.
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